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Abstract
Using the Polyakov extended Nambu-Jona-Lasinio (PNJL) model with imagi-
nary chemical potential, the relation between the Roberge-Weiss (RW) phase tran-
sition and the extended Z3 symmetry is studied. At low temperature, there is
approximate continuous symmetry under the phase transformation of the Polyakov
loop with the shift of the imaginary chemical potential. Due to this continuous
symmetry, the Polyakov loop can oscillate smoothly as the imaginary chemical po-
tential increases. At high temperature, this continuous symmetry is broken to an
exact discrete symmetry, the extended Z3 symmetry, and the Polyakov loop can
not oscillate smoothly. This symmetry breaking of the continuous symmetry causes
a discontinuity of the Polyakov loop. That is the RW phase transition.
Roberge and Weiss (RW) [1] found that the partition function of SU(N) gauge
theory with imaginary chemical potential µ = iθ/β for fermion number
Z(θ) =
∫
DψDψ¯DAµ exp
[
−
∫
d4x
{
ψ¯(γD −m0)ψ −
1
4
F 2µν − i
θ
β
ψ¯γ4ψ
}]
, (1)
is a periodic function of θ with a period 2pi/N , that is Z(θ + 2pik/N) = Z(θ) for
any integer k, by showing that Z(θ + 2pik/N) is reduced to Z(θ) with the ZN
transformation
ψ → Uψ, Aν → UAνU
−1
−
i
g
(∂νU)U
−1 , (2)
where U(x, τ) are elements of SU(N) with U(x, β) = exp(−2ipik/N)U(x, 0). Here
ψ is the fermion field, Fµν is the strength tensor of the gauge field Aν , and β is the
inverse of temperature T . The RW periodicity means that Z(θ) is invariant under
the extended ZN transformation
θ → θ + 2pikN , ψ → Uψ, Aν → UAνU
−1
−
i
g (∂νU)U
−1. (3)
Quantities invariant under the extended ZN transformation, such as the effective
potential Ω(θ) and the chiral condensate, keep the RW periodicity. Meanwhile, the
Polyakov loop Φ does not have the periodicity, since it is not invariant under the
extended ZN symmetry and is transformed as Φ→ Φe
−i2pik/N .
Roberge and Weiss also showed with perturbation that in the high T region
dΩ(θ)/dθ and Φ(θ) are discontinuous at θ = (2k + 1)pi/N , and also found with the
strong coupled lattice theory that the discontinuity disappears in the low T region.
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This is called the Roberge-Weiss (RW) phase transition and it is observed in the
lattice simulations. (See the references in Ref. [2]. )
Figure 1 shows a θ-dependence of the phase φ of the modified Polyakov loop
defined as Ψ ≡ eiθΦ. Note that Ψ is invariant under the extended Z3 transformation
(3). In the low temperature phase, φ oscillates smoothly, while it is discontinuous
at θ = (2k+1)pi/3 in the high temperature phase. This discontinuity indicates the
RW phase transition. From the fact that the RW periodicity is a remnant of the
Z3 symmetry, we can expect that the RW phase transition has a close relation to
confining properties of QCD. In this report, we discuss the relation between the RW
phase transition and the extended Z3 symmetry by using the Polyakov extended
Nambu-Jona-Lasinio (PNJL) model. (See Ref. [2] and references therein. )
In the two flavor PNJL model with the mean field approximation, thermody-
namic potential is given as follows.
Ω =− 4
∫
d3p
(2pi)3
[
3E(p) +
1
β
ln [1 + 3Ψe−βE(p)
+ 3Ψ∗e−2βE(p)eβµB + e−3βE(p)eβµB ]
+
1
β
ln [1 + 3Ψ∗e−βE(p) + 3Ψe−2βE(p)e−βµB
+ e−3βE(p)e−βµB ]
]
+
1
4Gs
(M −m0)
2 + U ;
U =
b2(T )T
4
2
Ψ∗Ψ−
b3T
4
6
(Ψ∗3eβµB +Ψ3e−βµB) +
b4T
4
4
(Ψ∗Ψ)2, (4)
where m0, M and µB = 3µ = i3θ/β are the current quark mass, the effective quark
mass and the baryonic chemical potential, respectively, and E(p) =
√
p2 +M2.
For the details of bi (i = 2, 3, 4), see Ref. [2].
The thermodynamic potential Ω of Eq. (4) is not invariant under the Z3 trans-
formation,
Φ→ Φe−i2pik/3 , Φ∗ → Φ∗ei2pik/3 , (5)
although the Polyakov loop potential U of (4) is invariant. Instead of the Z3 sym-
metry, however, Ω is invariant under the extended Z3 transformation [2],
e±iθ → e±iθe±i
2pik
3 , Φ→ Φe−i
2pik
3 , Φ∗ → Φ∗ei
2pik
3 . (6)
Using this symmetry, it is easy to show the RW periodicity, Ω(θ + 2pik/3) = Ω(θ).
The variables Ψ and Ψ∗ are also invariant under the continuous phase trans-
formation,
e±iθ → e±iθe±iα, Φ→ Φe−iα, Φ∗ → Φ∗eiα, (7)
for an arbitrary real parameter α. However, the factor e±βµB(= e±3iθ) and the
potential Ω including the factor are not invariant. When T is small under the
condition that µ is imaginary and Ψ and Ψ∗ are not zero, the thermodynamic
potential (4) is reduced to
Ω ∼− 2Nf
∫
d3p
(2pi)3
[
3E(p) +
1
β
ln [1 + 3Ψe−βE(p)]
+
1
β
ln [1 + 3Ψ∗e−βE(p)]
]
+UM −
a3T0
3T
2
Ψ∗Ψ. (8)
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This has no explicit µB(= 3iθT ) dependence. Therefore, at low temperature, Ω
is approximately invariant under (7) and Ψ(θ + α) ∼ Ψ(θ). This indicates that Φ
can oscillate smoothly as θ varies, indicating Φ(θ) ∼ Φ(0)eiθ. However, at high
temperature, the effects of the factor e±3iθ are not negligible and Φ can not oscil-
late smoothly and the Polyakov loop becomes a discontinuous function of θ. This
discontinuity indicates the RW phase transition. Thus, it is obvious that the RW
phase transition at high T is originated from the factor e±i3θ in (4). At high tem-
perature, the continuous symmetry under the transformation (7) is broken into a
discrete symmetry, i.e., the extended Z3 symmetry, through the factor e
±i3θ.
In summary, using the PNJL model with imaginary chemical potential, the
relation between the Roberge-Weiss (RW) phase transition and the extended Z3
symmetry is studied. The approximate continuous symmetry, which exists at low
temperature, is broken to a discrete symmetry, the extended Z3 symmetry, at
high temperature. This symmetry breaking of the continuous symmetry causes a
discontinuity of the Polyakov loop which indicates the RW phase transition.
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Figure 1: The phase φ of the modified Polyakov loop is shown as a function
of θ. The solid and dotted lines represent the results with T = 160MeV
and T = 200MeV, respectively. We put Λ = 0.6315GeV, Gs = 5.498GeV
−2,
m0 = 5.5MeV and T0 = 170MeV. Except for T0, we use the same values of
the parameters of U as shown in Ref. [2].
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